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4.1. Introduction. In this chapter, we shall learn to evaluate the determinant of a square matrix and then
with the help of this we will solve some system of linear equations having two or three variables.

4.1.1. Objective. The objective of these contents is to provide some important results to the reader like:

(1)  Determinants.

(i) Inverse of a matrix.

(iii) Applying row and column operations wherever required.
(iv) Solving system linear equations.

4.1.2. Keywords. Matrix, Determinant, Inverse of a Matrix, Adjoint of a matrix.
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4.2. Determinants.

a ap Ay
a a .oa . . .
LetA=|"7 ™% > | be a square matrix of order n. Then a unique number can be associated to 4,
a, 4, .. a,
known as its determinant. The determinant of 4 can be denoted by:
a;y ap ... a,
a, a a
detd or 4| or lag  or a1 e 2n
ay @,y ... ap,
1. If 4=(a,),,,then the determinant of 4 is defined as | 4|= 4, .
ap )
a a . .
2. It 4 :{ e } , then determinant of 4 is defined as |4|=| v v |=a,,a,, —apa,,.
dy Ay s
ay ay

14 @ Aag
3. If A=| a,; a, a,; |,then determinant of 4 is defined as

43y d3; Aas3

ap aqp ag
Ay Ay dy Ay ay Ay

—a, +a;

|Al=|ay  ay  ayl=ay, .
as dy a3 ds a3 A4y

a3 4y Ay
a4 G Gz Ay

a a a a . .
4. If 4= 2 "2 7| then determinant of 4 is defined as
a3 Ay A3z Ay

a a a a

1 12 13 14

a a a a Gy dy3 Ay ayp Qyz Ay ayp Ay Ay Ay Ay Ay
21 Gy Oy Ay

‘A|:a 4 a 4 =Gy Q3 Gy A (A3 Q33 Gy TA3|d3p Gy gy |~y |dy A3y sz -
31 Gy G333 Ay

Ay Qg3 Ay g Qyz Ay gy Ay Ay g Qg Qg3

Ay Ay Qg3 Ay

For matrices of higher order similar procedure can be adopted.
4.2.1. Singular and Non-singular Matrices:
Any square matrix 4 is said to be singular if |[4| = 0 and non-singular if |4] # 0.

4.2.2. Minors and Cofactors.

ap ap o 4y,
a a ..oa . . .

Let 4= " % | be any matrix, then minor of an element a,, denoted by M, is the
Ay Quy e Gy

determinant of elements of 4 obtained by removing ith row and jth column of 4, keeping the order of
rest rows and columns unchanged.
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a, I N I P
Ay Ay e g Gy e gy
Thus, My =% Gz o i G e Gy
iy g o G Y e Qi
anl an2 an,j—l an,j+l ann

The cofactor of a,;, denoted by A

ij> ; » 1s defined to be (-1y*/ Mm;.

a, a . : .
For example, let A= { "o } be a square matrix of order 2. Then, minors are obtained as

8y @y
M,, = Minor of a,, = a,,, M,, =Minor of a,, = a,,
My, =Minor of ay, = a;,, My, =Minor of a,, = ay,
and cofactors are obtained by

A, = Cofactor of a,;; = (-1)""". M,, = ay,,

A, = Cofactor of a,, = (-1)'"?. M,, =—ay,,

A,, = Cofactor of a,,

I
I
—
N
N
+
X
N
R
I
[V
iy
N
-

A,, = Cofactor of a,, = (<12 . M,

11 8y agg
Let A=| a,, a,, a,; | beasquare matrix of order 3. Then,

dzq dzp Qa3

M. = Mi f | 822 83| _

11 = Minor of a,, = = 83833 —d33a3
83, ds3

. 8y1 8y

M,, = Minor of a,, = =8y 833 — a3 Ayy
831 ass

Mo = M £ |9 G|

13 = MInor ol ;3 = = dy) A3y — Ay Ay, -
a3 ds

Minors for remaining elements can be obtained in the similar pattern. Further,
A, = Cofactor of a;; = (=1)""' M,, = M,, =(8,; @33 — 83 @3,)
4y, = Cofactor of @, = (=1)""? My, = =M, ==(ap 833 — 83 83+)
A5 = Cofactor of a;, = (=1)'"? M, =M, = ay, a3, —ay, a, -

Cofactors for remaining elements can be obtained in the similar pattern.
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Remark. It should be noted that if A is any matrix, then its determinant is the sum of products of
elements of any row and their corresponding cofactors. Thus,

|A| =aydy +apdy +..+a, 4, .

4.2.3. Example. Solve for x:

=3.

5x 3
2 3

Solution. Here, 3 =5 = 15x-6=5 = 15x=11 => x= 5

5x 3‘ 11

1
4.2.4. Example. Write the minors and co-factors of all the elements in | 3
5

- o O
W NN

Solution. Let M; and A; denotes the minor and co-factor of the element a; respectively, then

0 2
My =minorof a, =/ |=0-2=-2 and 4, =(-1)"" M, =-2.

142

32
M,, = minorof a, = . =9-10=-1 and 4, =(-1) " M, =1.

M, = minor of a,

0
|=3-0=3 and 4, —(-1)" M, =3.

. 2+1
M,, = minor of a,,

My =2.

2

3‘:0—2:—2 and 4, =(-1)
. 1 2 242

M,, = minorof a,, = ; =3-10=-7 and 4,, =(-1)" M, =-7.

M, = minor of a,,

10
1‘:1—0:1 and 4, =(-1)"" My =-1.

0 2
M, = minorof a;, = 0 2 =0-0=0 and 4, =(—1)3+1M31 =0.

1 2
My, =minorof a, =| |=2-6=-4 and 4, =(-1)""* My, = 4.
. 10 343
M33:m1norofa33:3 O:O—O:O and 4 =(-1)" My =0.
1 2 3
4.2.5. Example. [f 4 =|4 5 6| find | A| by expanding along first row and second column and verify
7 8 9

that the value is same.
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Solution. Expanding by first row, we have

4 6

:‘ = 1(=3) —2(=6) +3(=3) =0.

Again, expanding by second column, we have

3

+8( )] 46

2+1(4 6 2421
= — =+ —
|A|=2(-1) 7 9 5(-1) .

Thus the determinant obtained by expanding along different rows are same.
4.2.6. Determinant using Sarrus Method.

ayy Qg agg
LetdA=|a,, a,, a,]|.

83y d3p dsz3

First write five columns in the following order:

~ ~
\\ AN / ‘\ /7 ’ﬂ
A N/ N4 7
\\ )\ A\ 4
\ / N / \ Vs
N \ / N 7
“\ N ’ AN ’
dyry Ay dpz  Qyp Ay
’ A ,’ N \
/, N , . 4 \
’ N N A
’ ’A\ N N
/ ’ \ ’ N \\

by b Y
ds; dip dy3  dy o Ay

‘ = —2(36-42)+5(9-21)-8(6-12) = 0.

The value of |4 is given by adding the products of the diagonals going from top to bottom and

subtracting the products of the diagonals going from bottom to top. Thus
| A= (a11a22a33 +aa5303, + a13a;,45 )—(a31a22a13 +aznaya;, + a33a21a12)
Note. Sarrus Method is used only for determinant of order 2 and 3.

1 21
4.2.7. Example. Evaluate the determinant |5 5 0| using Sarrus Method.
2 1 4

Solution. By Sarrus diagram,

\\\ |
IO\
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we have, 4| =(1.5.4+2.02+1.5.1) - (2.5.1+ 1.0.1 +4.5.1)
=25-30=-5.
4.2.8. Exercise.

1. Which of the following matrices are singular and which are non-singular.

1 -1 1
|4 2 .. 7 57
(1)[6 3} (11)[0 3 (i) 0 2 2
- 4 3 7
AN
2. For what value of A, the matrix 5 ?\} is singular.
3. Find the minors and cofactors the following matrices:
~ 1 -1 |71
0, 5 Ol
4. Solve the following equations for x:
. [3x 4 .| XX
(1) 0 2‘=8 (11) 5 X=—6
5. Find the following determinants.
2 3 2 3 5 b+c a a
(1) ] _2‘ (i) {1 3 1 (i) | b c+a b
2 41 c c a+b
2 35
6. Find the determinant using Sarrus Method: {1 3 1
2 4 1
Answer.
1. (1) Singular.  (i1) Non-singular. (ii1) Non-singular.
2
2. A=—.
7
3. () My, =1, My, =2, My, ==1 , My, =1, A =-1, A, =-2, Ay =1, Ay, =1

(1) My =3, My =2, My; =1, My, =7, Ay =3, Ay =-2, Ayy=—1, Ay =7
N 4 ..
4. (1) 3 (i) x=-3,-2

5. () -7 (i) — 9 (iii) 4abc
6. -9
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4.3. Properties of Determinants.

Using the following properties of determinants, we can evaluate the determinant of a matrix without
using the evaluation methods discussed earlier.

We will use the notations R,R,,...,C,,C,,... to denote row one, row two, ..., column one, column two, ...

etc. of a matrix.

1

AN n W

. The value of determinant remains unchanged if rows (columns) are changed into columns (rows), that

is, if A is a matrix, then |4| = |4'].

. If two adjacent rows (columns) of a determinant are interchanged then the value of determinant is

multiplied by -1.

. If any two rows (columns) are identical then the value of the determinant is zero.
. If any two rows (columns) are multiples of each other then the determinant is zero.
. If all entries of any row (column) are zero then the determinant is zero.

. If each element in a row (column) of a determinant is multiplied by any scalar then the determinant is

also multiplied by same scalar.

. If every element of any row (column) is the sum (or difference) of two or more quantities, then the

determinant can also be expressed as the sum (difference) of two or more determinants of same order.

7 2 1 [5+2 2 11 |5 2 1] |2 2 1
For example, let A=|4 5 2|=[3+1 5 2/=|3 5 2[+1 5 2
3 3 21 (241 3 21 |2 3 2/ |1 3 2

. If to every element of a row (column) of a determinant be added or subtracted equal multiples of the

corresponding elements of one or more rows (or columns) then the value of the determinant
unchanged.

. The determinant of product of square matrices of same order is equal to the product of the

determinants of matrices, that is, |4B| = |4|.|B|

4.3.1. Example. Without expanding show that following determinant vanishes.

)

35 29 1

2 6 10 @ (335

8 17 3
135

Solution. (i) Let A= |2 6 10

I 1 8

Applying R, — R, — 2R, and using property 5,we get
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1 3 5 1 35
A=[(2-2 6-6 10-10| =10 0 0|=0
1 1 8 1 1 8
29 1 4
(ii) Let A=1[33 5 4
17 3 2

Applying C,— C, -7C, and using property 3, we get

29-28 1 4 11 4
A=|33-28 5 4|=|5 5 4|=0
17-14 3 2 33 2

a a?-bc

—

4.3.2. Example. Using properties of determinants, show that (1 b b?>-ca |=0 .
c c¢*—ab

-—

1 a a’-bc
Solution : Let A=|1 b b?-ca then
1 ¢ c?-ab

1 a a?| |1 a -be| |1 a & 1 a be
A=[1 b b>|+1 b —cal|=|l b V| -|l b ca
1

1 ¢ 2| |1 ¢ —-ab| |1 ¢ ¢ ¢ ab

Multiplying R;,R; and R; of second term of A by a, b and ¢, we get

1 a a’ a a’ abc 1 a d& a a* 1
Azt b p2|- 1 |p p? abc:lbbz—a—bcbbzl
abc X abc 5
1 ¢ ¢ ¢ ¢ abc 1 ¢ ¢ c 21
1 a a? a 1 a2
= A=1 b b>|—|b 1 b?
1 ¢ c? c 1 ¢

Applying C; <> C; in second term of A, we get

2 2

1 a a 1 a a

A=[1b b|=|1 b b|=0

2 2
1 ¢ c 1 ¢ c
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a a+b at+b+c
4.3.3. Example. Show that (2a 3a+2b 4a+3b+2c|=a°.

3a 6a+3b 10a+6b+3c

Solution : Let

a a+b a+b+c a a a+b+c a b at+b+c
A=[2a 3a+2b 4a+3b+2c|=|2a 3a 4a+3b+2c|+|2a 2b 4a+3b+2c
3a 6a+3b 10a+6b+3c 3a 6a 10a+6b+3c 3a 3b 10a+6b+3c

a a a+b+c 11 a+b+c
=2a 3a 4a+3b+2c|+ab|2 2 4a+3b+2c
3a 6a 10a+6b+3c 3 3 10a+6b+3c
a a a+b+c
=|2a 3a 4a+3b+2c |+0
3a 6a 10a+6b+3c

a a a a a b a a ¢ 1 1 1 1 1 1 1 1 1
= A=|2a 3a 4a|+|2a 3a 3b|+|2a 3a 2c|=d’|2 3 4|+a’b|2 3 3|+a’c|2 3 2
3a 6a 10a| |[3a 6a 6b| |2a 6a 3c 3 6 10 3 6 6 3 6 3
11 1
= A=a’l2 3 4|+a’h.0+a%c.0
3 6 10

Applying C; - C, - Cy, C3 > C3— C}, we get

1 00 5
A=a*|2 1 2|=a’xIx ; =d’(7-6)=d’
337

X+y y+z zZ+Xx
4.3.4. Example. Evaluate | z x y

1 1 1

X+y y+zZ zZ+X
Solution: LetA=| z X y

1 1 1

Applying R - R, +R,, we get

X+Yy+Z X+y+zZ X+y+z 11 1
A= z X y =(x+y+2z)|z x y|=0
1 1 1 11 1

as first and third rows are identical.
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(b+ c)? ba ca
4.3.5. Example. Show that | ab  (c+a)? cb |[=2abcla+b+c).
ac bc (a+b)?
(b+cP  ba ca
Solution. Let A=| ab (c+a)® «¢b
ac bc  (a+b)

Multiplying R;, R, and R; by a, b, and c respectively, we get

(b+cfa  ba? ca’
A=1T ab>  (c+afb  cb?
abc
ac? bc>  (a+b)c

Taking a, b and ¢ common from C;,C; and Cs, we get

(b+c?  a? a’
a=2bCl e hap B2
abc ) ) )
c c (@a+b)

Applying C,—»C,-C, and C,— C,-C,, we get
(b+c)* —a? 0 a’

0 (c+a)>—-b>  b?

c?—(@+by? c*—(a+b)? (a+b)

A

(b+c+a)b+c—a) 0 a’
= 0 (c+a+b)(c+a—-b) b?
(c+a+b)c—a—-b) (c+a+b)c—a—b) (a+b)?

Taking a + b+ ccommon from C; and C,, we get

b+c—a 0 a?

A=(a+b+c)| 0 c+a-b b

c—a-b c—a-b (a+b)*

Applying R,— R, - R, -R,, we get

b+c—a 0 a?
A=(a+b+c) 0 c+a-b b*
-2b —2a 2ab

Applying C,—C,(a), C, > C,(b)
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, ab+ac—a® 0 a?
A= @ 0 be+ba-b> b
“ ~2ab “2ab  2ab

Applying C,—C, +C;, C,—C, +C,

s ab+ac a’ a’
PGl I S Y
ab
0 0 2ab

Taking a, b and 2ab common from R, R, and Rj; respectively

b+c a a

2
A:Mablab b c+a b
ab
0 0 1
Now expanding along R3, we get
b+c a

A= 2ab(a+b+c)

= 2ab(a+b+c)* [(b+c)(c+a)—ab) = 2abc(a+b+c)’
a

b+c c+a a+b a b
4.3.6. Example. Show that [g+r r+p p+q|=2|p q
Y+zZ Z+Xx X+Yy Xy

N S O

b+c c+a a+b
Solution : Let A=|g+r r+p p+q
y+zZ Z+X X+Yy

Applying C,—C, +C, +C,, we get

2(a+b+c) c+a a+b a+b+c c+a a+b
A=|2(p+q+r) r+p p+q|=2|p+q+r r+p p+q
20x+y+z) z+x x+y X+y+z z+x x+y

Applying C,-»C, -C,, C;,—>C,-C,, we get

a+b+c -b -c
A=2\p+q+r -q -r
X+y+z -y -z

Applying C,—C, +C, +C,, we get

a -b -c a b c
A=2|p —-q -r|=2|p q r

X -y -z X y z
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4.3.7. Exercise.

1. Without expanding show that following determinant vanishes.
1 22 be
1 3 5 8 27 43 1 6 a
)2 6 10| (i) |12 3 5 (iii)[35 7 4| (iv) % b? ac
31 11 38 16 4 3 17 3 2 1
— ¢ ab
c
42 1 6 1 a abc 1 a b+c 1 a abc
(v) (28 7 4| (vi) |1 b abc (vil) |1 b c+a (viii) |1 b abc
14 3 2 1 ¢ abc 1 a+b 1 ¢ abc
a b c
2.Show that [b ¢ a|=(a+b+c)ab+bc+ca—-a’-b*-c?)
c a b
3. Show that
X a a -a? ab ac
(i) |a x a|=(x-a)*(x+2a) (ii) | ba -b?> bc |=4a’b*c?
a a x ac  bc -¢c?
a a’ bc 1 a bc
(iii) |b b? cal|=(a-b)(b-c)(c—a)(@ab+bc+ca) (iv)|1 b cal|=(b-a)(c—a)(c-b)
c C2 ab 1 ¢ ab
1 x*
(v) |1 = (x=My-2)(z-x)(x+y+2)
1z 2°
4. Show that
X+y X X a a+b a+b+c
(i) | 5x+4y 4x 2x|=x° (ii) [2a 3a+2b 4a+3b+2c|=a’
10x+8y 8x 3x 3a 6a+3b 10a+6b+3c
5. Show that
b+c a-b a b+c a b
(i) [c+a b-c b|=3abc-a’-b*-c° (ii) [c+a ¢ a|=(a+b+c)(a-c)
a+b c-a c a+b b ¢

4.4. Adjoint of a Matrix.

Let A =[ a;; ]n . be a square matrix. Then the adjoint of matrix A is defined as

adjd = [4

where 4;; is the corresponding co-factor of ;.

il
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4.4.1. Example. Find the adjoint of matrix 4= [; ﬂ .

Solution. Given that 4= [ ; j } .

By definitions of Cofactors:

4,, = cofactor of a;, =4
4,, = cofactor of a,, = -3
4,, = cofactor of a,, =-2

4,, = cofactor of a,, =1

, A, A, 4 37 [4 =2
Thus, adj 4 = = = .
Ay A, | | -2 1 3 1

4.4.2. Theorem. If 4 is square matrix of order n xn, then prove that

A (adj A) =|A| L= (adj A)A.

4.4.3. Example. Find adjoint of 4 = [; ﬂ and also verify that (adjd)4=| 4| I, = A(adj 4) .

) 1 2
Solution : Given that 4 = [3 5}

Cofactors of elements of A are:

A, = cofactor of a;, =5, A, = cofactor of a, =-3
A,, = cofactor of a,, =-2, A,, = cofactor of a,, =1
5 3] _[5 -2
Thus, adj4 = =
»ad {—2 1 } {—3 1 }
1 2
Now | 4| = =5-6=-1
35

So A(ade)=E ﬂ[ _53 ﬂ:[‘ol _OJ=|A|12

Again (adeA)Z[ § ﬂ[l 2}{_1 0}=A12
So, we get

Aadj A) =| All, = (adj A) A
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4.4.4. Exercise.

1 2

1. Ifd= [3 5

}, B= [f g} verify, adj(4B) = (adjB) (adj4).

1
2. Find the adjoint of matrix 4 =0
1

2
2|. Also show that A.(adj A)=| A|.l, = (adj A).A .
3

3. Find the adjoint of following matrices.

ol

4.5. Inverse of a Matrix.

A square matrix of order 7 is invertible if there exist a square matrix B of same order such that AB =1, =
BA.

In such a case, we say that inverse of 4 is B and inverse of B is 4 and we write
A'=BB"'=4.

If inverse of a matrix exists, then it is called an invertible matrix.

4.5.1. Theorem. A4 square matrix is invertible iff it is non-singular.

Proof. Let A be an invertible matrix. Then, there exists a matrix B such that

AB=1[ =BA
= | AB| = I,
=N | Al| B| =1
= | Al %0
= A 1s a non-singular matrix.

Conversely, let A be a non-singular square matrix of order » that is, | A| = 0. Then, we know that
A(adj A) 4 Al I, = (adj A)A

Dividing both sides by | 4],

= A[1—adeJ=/n :[1—adeJA
| Al | Al
= A :1—ade
| Al

Hence, A4 is an invertible matrix.
Remark. Due to the above theorem, we can say that the inverse of a non-singular matrix 4 is given by

_adjA
| Al

Al
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4.5.2. Theorem. If 4 is an invertible square matrix, then A’ is also invertible and
(A" = (A7),

Proof. Since 4 is an invertible matrix, so | A|#0, and thus | A’| #0, which implies A’ is also

invertible.

Now, AAT =]

= (AT (A)=1,=A(AT)
= (A)'=(a")
4.5.3. Theorem. If 4 and B are invertible matrices of the same order, then so is AB and
(AB) ' =B'A™

Proof. It is given that 4 and B are invertible matrices, therefore | A| #0 and | B| #0

= | A|B|#0
= | AB|=#0
= AB is a invertible matrix.
Now,
(4B)(B™ A )= A(BB™ )47 =(41,) A" =447 =1,
and,
(B74™)(4B)=B"' (4" 4)B=B"(1,8)=B"'B=1,
Thus, (AB)(B'A™)=1,=(B"A")(AB)
Hence, (AB) ' =B"A"".

4.5.4. Theorem. Inverse of an invertible matrix is always unique.
Proof. Let 4 be an invertible matrix of order n x n having matrices B and C as its two inverses. Then,

AB=BA=1I, and AC=CA=1,

Now, AB=1, —  C(AB)=ClI,
=  (CA)B=cClI,
= 1,B=Cl,
= B=C
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Hence, inverse of a matrix is unique.
4.5.5. Corollary. If A is an invertible matrix, then (A7)"= A.
Proof. We have,

AATT=1=ATA

= A is the inverse of 47!, that is, A=(A™")" .

4.5.6. Example. Find the inverse of A = [ 11 1}

Solution : Given that 4 ={ 11 ”

Therefore, | 4|=1+1=2=0 , which implies A" exists.

Now, by definition

A, = cofactor of a;;, =1
A,, = cofactor of a;, =1
A,, = cofactor of a,, =-1

A,, = cofactor of a,, =1

1 17 [1 =17
Thus, adj 4= =
11 11
11
1 -11 |5 5
Now A7 =— adjd=~ -2 2
1A 211 1) |1 1
2 2

4.5.7. Example. If 4 = [f H , show that 4*~64 + I=0. Hence find 4.

Solution.Here,Az=A.A={2 7} {2 7} ={11 42}
T 4] 4 6 23

So A 64+ = {11 42}_6{2 7}_{1 O}z{ﬂ 42} _[12 42}_’_{
6 23 1 4 0 1 6 23 6 24

Hence, A*-64+1=0.
Now using this we have to find 4.
A-64+1=0= 64-4"=1
Now pre-multiplying both sides by 4™ we have,
A =61-4

A

So,

1
0

0
1

|

£
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4.5.8. Exercise.

2 -1 1
1. Find the inverse of the matrix| -1 2 -1| and verify your answer.
17 1 2
. 2 -1 6 7 . -1 -1 41
2. For the matrices 4 = Pt B= 9l verify that (AB) =B 4 .
a b
3. Find the inverse of the matrix 4 = 1 + bc | and show that
c _—
a

ad™'=(a*+bc+1),—aA.

4. If4=

NN =
N =N

2
2 |, show that 42—44 -5/ = O and hence find 4.
1

4.6. Inverse of a Matrix by using Elementary Operations.

4.6.1. Elementary Operations. To obtain inverse of a matrix sometimes we use some operations on a
given matrix called elementary operations.

These are of two types:

1. Elementary row operations. Elementary operation on rows of a matrix are known as elementary
row operation. Following are the various types of elementary row operations

i) The interchange of any two rows. By R;<>R;, we mean interchanging ith row of the given matrix
with jth row.

ii) The multiplication of the elements of row by a non-zero number. By R; = k R;, we mean that the
elements of ith row of the given matrix are multiplied by £.

iii) Adding to the elements of a row, the corresponding elements of any other row multiplied by
any scalar k. By R,— R; +kR;, we mean that the elements of jth row of the given matrix are multiplied
by k and then the elements are added to corresponding elements of ith row.

Remark. An elementary row operation on the product of two matrices is equivalent to the same
elementary row operation on the pre-factor.

4.6.2. To find inverse of a square matrix by using elementary row operation.

Let A be a non-singular matrix. So, it can be written as 4 = I4, where [ is identity matrix. Now apply
elementary row operations on A to convert it to / and on right side apply these operations as applied on
left side to 1. If I is converted to B, then this matrix B is inverse of 4.

2. Elementary column Operations. The similar operations are defined for columns and known as
elementary column operations. Also to find inverse of a matrix 4 this time we will consider 4 = A/
and then apply elementary columns operations on A4 to convert it to / and on right side apply these
operations as applied on left side to . If I is converted to B, then this matrix B is inverse of 4.
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4.6.3. Example. Find inverse using elementary row operations of 4 = E ﬂ .

. . 13 13 0.
Solution : Given that A=[1 4},‘[hen A|=‘1 4‘:4—37&0.8014 ! exists.

Now let 4 = IA4, which implies B ﬂ = [1 0} A
Applying R = R, — R;, we get
[1 3} { 1 o}
= A
0 1 -1 1
Applying Ry = R; — 3R,, we get

HHE T

Therefore, 47" = { 41 _13}

. . . |1 3 . .
4.6.4. Example. Find the inverse of matrix [1 4} using elementary column operation.

Solution. Clearly 4 is invertible.

Now let 4 = AI, which implies E ﬂ :ALI) ﬂ

Applying C; —» C, — 3C), we get

Therefore, 47" = [ 4] _]3}

4.6.5. Exercise.

53

. . . 2 1 . .
1. Find the inverse of matrix 4= [ } by using elementary row operations.
1
2. Find the inverse of the matrix 4 = |3
1

— N O

0
0 | using elementary row operations.
2
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2 1 3
3. Using elementary column operations, find the inverse of matrix A=| 4 -1 0
-7 2 1
1 -1 2
4. Find the inverse of 4 =|0 2 -3 | by using elementary column operations.
3 -2 4

4.7. Solution of Simultaneous Linear Equations.

A system of linear equation has either unique solution or infinitely many solutions or no solution. If a
system of linear equations has a solution (whether unique or infinite), then the system is said to be
consistent and if the system has no solution, it is said to be inconsistent.

4.7.1. Cramer’s Rule to Solve the Linear Equations.
1. System of Linear Equation of two variables x and y.
First we consider a system of linear equations in two variables x and y:
ax+by =d,
cx+dy=d,
We define D as the determinant obtained from the coefficients of x and y, D; and D, are determinants

obtained by replacing first and second column respectively of D by B‘ } . Thus,

2

a b d b a d,
D = , Dl = , D2 =
c d d, d ¢ d,
If D # 0, then the system has a unique solution given by
D1 D2
X=—", y=—=.
p' ¥’ D

2. System of Linear Equation of two variables x, y and z.

Now we consider a system of linear equations in three variables x and y and z:
ax+by +c¢z=d,
a,x+b,y +c,z=d,
as;x+byy + c3z=d,

Then as defined in case of two variables, we define the following:

D=\a, b, ¢|, Dy=1d, b, ¢|, D,=|a, d, ¢|, D;y=la, b, d,
as b; ¢ dy by ¢ az d; G as by d

If D#0, then the system has unique solution and given by

Remark. If D = 0, then the system has either infinitely many solutions or no solution. However, the
systems with such solutions are not included in the syllabi.
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4.7.2. Example. Solve the following system of equations using Cramer’s Rule

x+y=5
x+2y=15

Solution. Given system of equations is

x+y=5
x+2y=15
Then, by definition
I 1
D= =2-1=1%0
1 2

Therefore, the system has a unique solution.

5 1

Now D, = =10-15=-5
15 2
1 5

and D, = =15-5=10.

1 15

Then, by Cramer’s Rule, the unique solution is given by

D D
x:_1:_§:_5 y:_szzlo_
D 1

So, x=-35, y=25 isa solution.
4.7.3. Exercise. Solve the following system of equations by using Cramer’s Rule:

X+y+z=1 2y—=3z=0

2x+3y =17
1. 3x+5y+6z=4 2. x+3y=—4 3. 4x Sy 3
X — =
I9x+2y-36z=17 3x+4y=3 7
4. The sum of three numbers is 6. If we multiply the third number by 2 and add the first number to

it, we get 7. By adding second and third numbers to three times the first number, we get 12. Find
the numbers.

5. The perimeter of a triangle is 45 cm. The longest side exceeds the shortest side by 8 cm and sum
of the length of the longest and the shortest side is twice the length of the other side. Find the
lengths of sides of the triangle.

6. Find a, b, c when f(x)=ax®+bx+c, f(1)=1, f(2)=2, f(0)=4 . Determine the quadratic function

f(x) and find its value when x = 0.

Answers.
. ox=1 1, z=t 2 x=35y=-3,z=-2
. 31 y ’ 3 . ay )
3. x=2,y=1 4, 3,1,2

5. 19cm, 15cm, 11 cm 6. 2x?> _5x+4,4
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4.7.4. Matrix Method to solve system of linear equations.

1. System of Linear Equation of two variables x and y.

First we consider a system of linear equations in two variables x and y:
a;x + b,y =d,

a,x+b,y =d,

Wedeﬁnezal=[a1 bﬂ,x;{ﬂ, B:{Oﬂ
a, b, y d,

Then the given system of equations can be written in matrix form as
AX=B.

If |[A| # 0, then the system has unique solution given by
X=4"B.

2. System of Linear Equation of three variables x, y and z.

First we consider a system of linear equations in two variables x, y and z:

a;x+by+cz=d,
a,x+byy+c,z=4d,

az;X+byy+cz=4d,

a, b, ¢ X d,
Defined=|a, b, ¢ |, X=|y|, B=|d,
a; by ¢y z d,

If |4] # 0, then the system has unique solution given by
X=4"B

Remark. If |4| = 0, then the system has either infinitely many solutions or no solution. However, the
systems with such solutions are not included in the syllabi.

4.7.5. Example. Solve the following system of equations by matrix method:

x+y=1
2x+y=2

Solution. The given system of equations can be represented in matrix form as AX = B where

Am [

Now, |4|=1-2=-1%0.
Thus, the system has a unique solution given by

X=A"'B
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We need to obtain the inverse of A, for this cofactors of elements of 4 are
A,=1 , A,=-2 , 4,=—-1 , 4, =1.

Thus, ade:{l _2} { : _1}
-1 1 -2 1
and A7 =Ladj A:{_l ! }
| 4] -1

Therefore, the solution can be obtained from

X _—1 1 1_1

y| |2 -1]l2] |o]|
Hence x =2, y = —1 is a solution.
4.7.6. Exercise. Solve the following system of equations:

230300
x y z
2x+8y+5z=6 L1
1. X+y+z=-2 2. —+—+—=10
x y z
X+2y—-z=2 3 1 2
———+—=13
X y z

Answers.
1. x=-3, y=2, z=-1
2. Use

=u, —=v, 1;= w, then solving the system we will obtainu =2, v=3, w=5.

1
X

4.8. Check Your Progress.

5 2 1
1. Write the minors and cofactors of all elementsof | 3 0 2
8 1 3
. 2 -3 _
2. For the matrix 4 = { 4 5 } , find the numbers a and b such that A*+ad + bl = O. Hence find 47"
Answers.
1. My ==2, My ==T,M;3 =3, My, =5 My, =7, Mys =11, My, =4, My, =7, My =6

A =-2 Ap =T Ay =3Ay ==5Ap =7, Ay =11, Ay =4, Ay =T, Ayy =—6
4.9. Summary. In this chapter, we discussed about determinants of matrices, invertible matrices and the
role played by an invertible matrix to solve a system of linear equations having a unique solution.
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